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If C is a planar graph of smallest order such that the stability number of C; is less than one 
quarter of th+: order of G, then G is said to be E-minimal. In this note, we give some properties of 
E-minimal graphs. 
:. 
8;. i Let G be a simple graph (a graph which is undirected, without muttiple joins and 
! loops). The order of G, denoted by 1 G 1, is the number of vertices of G. A set of 
i vertices I of G is said to be stable (independent) if no two vertices in I are adjacent. 
The stability number of G, denoted by a(G), is defined to be max (1 II; I is a stable 
set of vertices of G). 
If G is planar and the four colaur conjecture is true, then a(G) 2 1 G l/4. Erdiis 
conjectured that for any planar graph G, cu(G) a i G f/4 which is weaker than the 
four colour conjecture (see [t] p. 280). From now on, G is assumed to be a planar 
graph. 
If G is of smallest order such that al(G) < 1 G l/4 then G is said to be E-minimal. 
The order of a E-minimal graph is called the Erdas Number. It is clear that the 
Erdos Number is not less than the Birkhoff Number which is 2 51 (see (21). 
From the definition, it follows that if G is IE-minimal, then G is connected and 
every proper seetion graph N of G satisfies cr(N) 2 1 H l/4. 
Let 1 G f = n and let W bc a maximal section graph (a section graph such that 
WI =tl - 1) of G. If n = 4m, then 
which cannot be true because both a(H) and CR(G) are integers. If n = 4rtr: f r, 
1 e t s 3, then 
w car()ll)c C&(G)< m -t r/4, 
from which it follows that a(H) = afG) = m. Hence we have 
We now prove several results some of which are parallel to results concerning 
ehrom&c critical graphs (see, for instance, [3]). 
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Theorem 2. Each face-boundary of a E-minima! graph G is a circuit. 
Pmf. If G has a face-boundary which is nst a circuit, then (3 has a separating 
vertex x. 
Let H and K be two separating section graphs obtained by deleting X, together 
with its incidence edges, from G. 
Let lHl=~ and lKl=q. Then 
n-l 
m =a(G)%.~(H)+a(K)~pJ4+qJ4=~=m. 
Since a(H) and a(K) are integers, therefore p = 4r, q = 4s, ar(H) = t and 
a(K) = s. 
Let H’ = H U(x) and K’ = K U(x). (H’ is the section gra;ph with vertex set 
V(H)U{x) where V(H) is the vertex set of X) 
It is obvious that a(H’) == t at- 1 and or(K) = s + 1. The fact that cu(H) = t and 
a( H’) = I + 1 imply that x belongs to every maximal stable set 1 of H’ (I is a stable 
t of H’ such that f Ii = a(ff’)). Similarly, x belongs to every maximal stable set J 
ofK’.HenceIUJformastable~etofGwith11UJI=r+s+:I=m.t1whichis 
false. This proves Theorem 2. 
It is not difficult to prove: 
Theorem j. The triangulation of a E-minimal graph G is dso Cminimd. 
From now on, the order of a E-minimal graph G is assumed to be 4m + 1 and 
??I = I + s for some positive integers r and s. 
Thmrem 4. A E-minimal graph G has no separating set of verticw of cardinality 
less than 4. 
Proof, It is not difficult to prove that G has no separating set consisting of 2 
vertices. 
Suppose G has a separating set consisting of 3 vertices X, y, z. By Theolrem 3, we 
may assume that [x, y, r] = Kg, a complete graph. Let H and K be two separating 
section graphs of G obtained by deleting X, y and z, together with all their 
incidence edges, from G. 
Case 1. Suppose (Hl=4r, IKI=4s-2. Then a(H)=r and ar(K)=s. Let 
K’ = JY U K3. Then a(K) = s + 1. Let J be a maximal stable set of K’, Since one of 
JL y and t belongs to .I, we may assume that x E J. 
Now consider the section graph N’ = HU(x). We have a(H)= r and tx(N’)= 
t -+ S anu’ so x belongs to any maximal stable set II of H’. Then as the proof of 
eorem 1, we get a contradiction. 
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Let J be a maximal stable set of K’. Suppose x E J, We consider the section 
graph H.t = H U (x, y). If x belongs to a maximal stablle set of H+ then as before, 
we get a contradiction. Hence, y belongs to every maximal stable set of I-I ,. 
Similarly, z belongs to eveq maximal stable set of Hz = H U (x, z}. Now either y 
or z belong to a maximal stable set of K, = K U {y, 2). Consequently, at least one 
of x, y, z is a common vertex of two maximal stable sets of H’ and K’ which is, of 
course, false. This completes the proof of Theorem 4. 
We call a vertex x of degree (valency) k 3 k-vertex. If x is of degree k. we write 
d(x) = k. A neighbor of a vertex x is a vertex adjacent to x. If a neighbor is a 
k-vertex, we call it a k-neighbor. The set of all neighbors of x is called the 
neighborhood of x and is denoted by N(x). If S is a set of vertices of C, then the 
union of neighborhoods of all vertices in S, excluding the vertices in S, is denoted 
by N(S)* 
We n10w prove 
Thewem S. A E-minimal graph G htrs no vertex separating circuit consisting of 
four vertices. 
Prw& Suppose Q = (w, x, y, 2) is a separating circuit consisting of vertices w, x, y 
and z. Let H and K be two separating section graphs. 
Case 1. Suppose /HI=& and lKl=4s - 3. It is clear that (x(&I) = r and 
a(K) = S. Let K’ = K u Q. Then s + 1 s a(K’) 6 s + 2. Let J be a maximal stable 
set of K’. It is clear that at least one of w, A, y. z belongs to J. Suppose 1 J n Q ! = 1 
and x E J. Then x also belongs to a maximal stable set I in H’= E? U (x} and as 
Fig. 1. 
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before, we get a contradiction. Hence IJ n Q I= 2. Suppose X, z E J. say, Let HI be 
the graph obtained from H’ by joining an edge from x to each vertex in N(r) n !f. 
Then a(&) = r c 1 and x f Z for every maximal stable set I of H, and I U(Z) k 
stableinHU().HenceIUJisstableinGwithlIUJjBr+.2+(s-1)>m which 
is false. 
Cuse 2. Suppose 1N ! = 4r -1and)Kj=4s-2.LetK1=KU(w,x,z}andKrbe 
the graph obtained from K, by joining an edge from w to each vertex in N(y) fI PC. 
Then s+l~cr(&)~s+2. 
Let 1 be a maximal stable set in K,. Then at least one of {w, X, z} is in J. 
Suppose w E J. Then J U (y} is stable in K W Q. Let HI = H’ U{ w, y). Then 
r + 1s a(&) SE f + 2. Suppose I is a maximal stable set in Ht. If w, y E I, then 
IANIBr -1andIUJisstableinG withfIUJIa(r--1)+2+s>m,wthichis 
false. If w E f, ye I, then f I fl H f 2 I‘ and I U J - iy} is stable in G with 
TlUJ-(y)$~+ l+s >m, which is again false. 
Suppose X, z E .I. By simiJar reasonings, we get a contradiction. Hence x E J, say 
and w,tfiSJ and so LY&)=s+ 1. 
Now let K3 = K U (w, z, y) and K, be the graph obtained from & by joining an 
edge from z to each vertex in N(x) f\ K. Let J1 be a maximal stable set in K,. Then 
similar to the previous argument, we have either 
If w EJ, and z,yEJ1, then J1 ic stable in K UQ with fJJIKI=s. 
Let H, = H U (3, w). Then cu(&) = r + 3 and either x or w belongs to each 
maxirrai stable set II in H, and I, U J or I, U Jt is stable in G with 1 I, U Jj = 
I+l+S= 1 It U .I, 1 which is false. Similarly, we get a contradiction for the case 
y E J, and z, we J1. The proof of Theorem 5 is complete. 
Corollary 1. A E-minimal graph has no vertex of degree less than 5. 
Corollary 2. T&e connectivity of G E-minimal graph is a 4. 
Combining Theorems 4 and 5, we have 
Theorem 6. A E-minimal graph has no vertex-separating circuit of fewer than 5 
rxrtices. 
Apylying CorAiary I of Theorem 5 and kuler’s formula, we can show (see 1:‘:) 
that 
Theorem 7, A E-minima! graph G which is a triangu~ion hgs at least tw&e 
5- vertices. 
Next, we pr0ve 
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Theorem 8. Let G be a E-minimal graph. Then G has no proper section graph H 
satisfying : 
(1) there is a stable se#t I of H such that ‘I is contained in the interior of H ; and 
(2) 4[Ij+l3]Nj. 
Proof. Suppose G has such a proper section graph W. Let K = G - H, the 
complement of H in G. 
Suppose lIl=r. Then ~K~=4m+l--~H~~4(m--r). Thus a(K)sm-r. If 
ot(K)>m - r, then fr(G) a r + (Y(K) > m which is false. Hence cr(K} = m - r and 
jKI=4(m -r), jNJ=4r+l. 
Let x be a vertex on the boundary of H. Let Kt = K U (x) and Kz be obtained 
from K, by joining an edge from x to each vertex on the boundary of K. 
Since(K:~=4(m-r)+1andcr(K)=m--r,thereforea,(Kz)=m-r+1andx 
belongs to every maximal stable set of Kz. Thus there is a maximal stable set J of K 
such that J is contained in the interior of K. Then from cy (H) 3 r + 1, it follows that 
: cu(G)a(m - r) + (r + 1) = ?R + 1 which is again false. The proof of T’t-heorem 8 is 
I complete. 
’ From the definition of a E-minimal graph 6, we know that if G’ is obtained from 
G by deleting any number of vertices less than 5, together with all their incidence 
d edges, from G, then CY(G’) = a(G). However, we also have the following 
Theorem 9. Suppose G is a E-minimal graph and is a traingulation. If x is a 
S-vertex of G, then thew is at least one maximal stable set 1 of G that contains x. 
Proof. Let N(x) = (x,, x1, x3,x4, x5) in the anti-clockwise order. Let GI be the 
I graph obtained by deleting the edge (x, xl) from G. Let Gz be the graph obtained by 
adding an edge (xr, x5] to G1. Since d(x) = 4 in G3, therefore Gz is not E-minimal. 
;, It is clear that a(&;,) == cy (G) + 1 and X, xl both belong to r;!very maximal stable set 
i in Gz and thus x belongs to at least one maximal stable set in G. The proof of 
!, Theorem 9 is complete. 
Rema&s. From the proof of Theorem 9. we also know that each neighbor of x 
also belongs to at least one maximal stable set of G. 
Two non-adjacent vertices a and b are said to be opposite vertices if there are 
vertices c, d such that (a, c), (a, d), (b, c), (b, d) E E(G). 
Thearem 10. Suppose G is a E-minimal graph and is a triangulation. Then C has 
no opposite oettices a and b such that d(a ) = 5 = d(b). 
M, Let G’ be the graph obtained from C; - (c, 4 t,, t2,. . ., t6) (see Fig. 2) by 
joining a to each vertex in N(t,, t2? t3). joining b to each vertex in N(t,, tsi th) and 
joining a and b. 
Fig. 2. 
Let M’ be a maximal stable set in C. Then 1 M’ f = m - 1. 
Case 1. If a, be Ad’, then M = {a, b) U M’ is stable in G which cannot be true. 
Case? 2. If a E M’, then M = (z{, f3, b} u (M’ - {a}) is stable in G which cannot be 
true. 
Case 3. If b E M’, then M = {t,, t6, a} tl (M’ - (b)) is stable in G which cannot be 
true. 
The proof of Theorem 10 is complete. 
Remarks. Most of the reducible graphs found by Birkhoff, Franklin, Winn, 
Heesch, Bernhart, Ore, Allaire and Swart . . ., (see [2]) have two opposite vertices a 
and b such that d(a) = 5 = d(B) and so by Theorem 10, they are atso E-reducible 
in the sense that they are not section graphs of E-minimal graphs. 
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